Abstract. Given a prime p and an integer d > 1, we give a numerical criterion to decide whether the ℓ-adic sheaf associated to the one-parameter exponential sums t → x ψ(x d + tx) over Fp has finite monodromy or not, and work out some explicit cases where this is computable.
Introduction
Consider the affine line A 1 k over a finite field k of characteristic p > 0. Let ℓ = p be a prime, and F al ℓ-adic sheaf on A 1 k of rank n, which can be regarded as a continuous representation
whereη is a geometric generic point of A 1 k . The arithmetic and geometric monodromy groups G arith and G geom of F are defined to be the Zariski closures of the images of ρ (resp. of its subgroup π 1 (A 1 k ,η)). According to [Del80] (see [Kat88,  Chapter 3] for a more explicit statement), under certain conditions (which are usually fulfilled after taking a Tate twist of F ), these groups govern the distribution of the Frobenius traces of the sheaf F : more precisely, if G geom = G arith , the Frobenius traces are equidistributed as the traces of random elements of a maximal compact subgroup of G geom as #k grows. These groups also determine the asymptotic values of the higher moments associated to the trace function of F , which are related to the dimension of the invariant subspaces of certain tensor powers of the given representation of G geom via ρ. See [Kat05] for a detailed exposition of the topic.
In this article we will be concerned with a special class of sheaves, which are a subset of the class of so-called Airy sheaves, smooth sheaves on A 1 k of rank n with a single slope n+1 n at infinity, which can also be characterized as the Fourier transform of smooth sheaves of rank 1 with slope > 1 at infinity. The monodromy of these sheaves was extensively studied by O.Šuch in [Šuc00], who gave a full classification of their possible non-finite monodromy groups [Šuc00, Propositions 11.6, 11.7].
Let d ≥ 2 be a prime to p integer. Let k = F q and let ψ : k → C be the additive character given by ψ(t) = exp(2πit/p). Let The main goal of this article is giving a numerical criterion to determine whether the geometric monodromy (and therefore the arithmetic one after a suitable Tate twist) of F d is finite. This is done in Proposition 1, and some specific cases are worked out explicitly in section 4. Moreover we show that, in the case where the monodromy is not finite, the given representation of the monodromy group is Lie irreducible, which allows to completely determine the arithmetic and geometric monodromy groups via the results in [Šuc00] .
The most important case for applications is p = 2. In that case, we show that the monodromy of F d is finite for d of the form 2 a + 1 or
, and we conjecture that these are the only cases where the monodromy is finite. This case is important for its relation with almost perfect nonlinear functions. If the monodromy is not finite, then both G geom and G arith are the full symplectic group Sp(d−1, C). In particular, the (arithmetic) fourth moment of the trace function of F d is 3. But this fourth moment can be computed explicitly, and it is equal to the number of (absolute) irreducible components of the polynomial 
is absolutely irreducible. By [AMR10] this implies that the function f (x) = x d is not almost perfect nonlinear on F 2 n for any sufficiently large n. This gives a new algebro-geometric approach to the study of such problems.
The author would like to thank Daqing Wan for bringing this problem to his attention. Proof. The determinant det F d (1) is a smooth rank one sheaf on A 1 k , which is geometrically trivial by [Kat87, Theorem 17] . So it is of the form α deg for some ℓ-adic unit α. Then det F d (1) will be arithmetically of finite order over A 1 k if and only if α is a root of unity. In order to prove this, we will explicitely evaluate the action of Frobenius on det F d (1) at t = 0, which is equal to α. By replacing k with a finite extension if necessary, we may assume that d|q − 1, where q = #k.
Let r ≥ 1, and let k r be the extension of k of degree r inside a fixed algebraic closurek. The trace of the action of Frobenius on
where ψ r (x) = ψ(Tr kr /Fp (x)). We have
where the inner sum is taken over the set of multiplicative characters of k r with trivial d-th power. Since d|q − 1, every such character is obtained, by composition with the norm map, from one such multiplicative character of k. Then we have
where
is the Gauss sum associated to χ. Using the Hasse-Davenport relation
So the Frobenius eigenvalues at
The determinant is then the product of these Gauss sums. Using the well-known relation G(ψ 1 , χ)G(ψ 1 , χ −1 ) = χ(−1)q we see that this product is ±q
, where in the latter case ρ denotes the unique order 2 multiplicative char- Corollary 2. The sheaf F d has finite geometric monodromy if and only if for every r ≥ 1 and every t ∈ k r , x∈kr ψ r (x d +tx) is divisible by p r/2 as an algebraic integer.
For our purposes we will need the following equivalent statement:
Proposition 1. The sheaf F d has finite geometric monodromy if and only if for every r ≥ 1 the sum x∈kr ψ r (x d ) is divisible by p r/2 as an algebraic integer and, for every non-trivial multiplicative character χ :
is divisible by p r/2 as an algebraic integer. It is sufficient that the condition holds for every r which is a multiple of a certain r 0 ≥ 1.
Proof. This is an explicit version of [Kat90, Theorem 8.14.6]. Suppose that for every r ≥ 1 and every t ∈ k r , x∈kr ψ r (x d + tx) is divisible by p r/2 as an algebraic integer. Then, in particular, x∈kr ψ r (x d ) is divisible by p r/2 . Furthermore, for every non-trivial multiplicative character χ : k × r → C × , the sum
is also divisible by p r/2 .
Conversely, if x∈k
Since
Proof. Let z 0 and χ 0 be generators of the multiplicative cyclic groups k × and k × respectively. Let z = z 
and the equality is true in this case. Dually, it is also true if s|a and s |b. Suppose now that s|a and s|b. Then the left hand side of the equation is
and the right hand side is
We conclude by noticing that
Using this lemma, we get
This allows to give yet another criterion for finite monodromy:
Proposition 2. The sheaf F d has finite geometric monodromy if and only if for every r ≥ 1 and every non-trivial multiplicative character η : k × r → C × , the Gauss sum G r (η) is divisible by p r/2 if η d is trivial, and the product G r (η)G r (η d ) is divisible by p r/2 is η d is non-trivial. It is sufficient that the condition holds for every r which is a multiple of a certain r 0 ≥ 1.
Proof. By proposition 1 and the previous remark, if these products of Gauss sums are divisible by p r/2 then F d has finite monodromy. Conversely, suppose that F d has finite monodromy. Then for every r ≥ 1 and every non-trivial χ : 
s are divisible by p rs/2 as algebraic integers. The result is then a consequence of the following lemma. Proof. This is a well known result, see eg. [Ax64] . Let K be the completion of Q(α 1 , . . . , α d ) on a prime over p. Since α
is divisible by p s/2 , the power series
are p-adic integers. But the poles are α
Finally we can make this more explicit thanks to Stickelberger's theorem. 
Theorem 1. The sheaf F d has finite geometric monodromy if and only if for every r ≥ 1 and every integer 1 ≤ x ≤ p r − 2, we have
It is sufficient that the condition holds for every r which is a multiple of a certain r 0 ≥ 1.
Proof. Fix r ≥ 1. The Gauss sums on k × r take values on the finite extension of Q generated by the p(p r − 1)-th roots of unity. By the Stickelberger theorem, if ω denotes the Teichmüller character of k × r (which generates the character group), the p-adic valuation of the Gauss sum associated to ω j for 1 ≤ j ≤ p r − 2 is given by 
For computational purposes, it is convenient to have a sufficient condition for the monodromy of F d to be finite. We have the following criterion, which is a generalization of [Kat07, Lemma 13.5]. {−dp i x}.
Suppose that for some integer r 0 ≥ 1 we have
Then the monodromy of F d is finite.
Proof. Since the function f r is piecewise linear with constant negative slope and its points of discontinuity are a so F d has finite monodromy by Theorem 1.
For instance, for p = 2, d = 5 satisfies the condition for r = 4, as one can easily check.
Explicit results
In this section we will use Theorem 1 to give some explicit results. First of all, we can recover the known fact [Kat87, Proposition 5] that, if p > 2d − 1 ≥ 5, then the monodromy is not finite. 
with equality if and only if d = r = 3, q = 2, in which case p = 9 is not prime. 
